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The Bootstrap, and Bayes Too

CD4 counts for 20 patients, at baseline and one year,
. Sample Correlation = .723

Bradley Efron
Stanford

«

baseline ca4

& -

(Y

—
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Standard Errors
o Py = (z1,%2,...,Tn) = §=t(x)
o How variable is §?
o Bootst;r'ap Sample F — x* = (ﬁ:{,xi, e ,x;).
.1{*1’ I-z) o <*B
g*! = t(x-l) §*2 = t_(x.;,) g*8 = t(x"’B),

the bootstrap replvicat.ions
. Erﬁpirical Sta.n‘dard bevia.tion of 8* values

is Bootstrap estimatg of standard error

4

CD4 Example

e n = 20 bivariate points, CD4 measurements

z = (baseline, one year).
e F is unknown biva.ria.té distribution.
00 = Sample Correlation Coefficient
e Normal Theory Standard Error = .116

e B = 3200 bootreps ga\'re sep = .090.



3200 nonparametric bootstrap replications for .
the cd4 correlation coefficient : Bootstrap Histogram

3 Boot 54 = 090, « Histogram of 3200 6*’s is narrower
- _1 Normel-theory S-=.116 .
than Normal-theory density
Normal Theory - e Don’t need B = 3200 for 3e:
Density .
,8. =
B: 100 200 400 800 1600 3200
Se : .082 .085 .090 .089 .091 .090
S -
e Later Use histogfa.m for confidence intervals
o — - = -
M T I I 1
0.2 0.4 0.6 0.6 10
bootstrap cofretation
? " Cholesterol Decrease vs Compliarice, 165 Subject;
Heavy line is smoothing spline, df=7
Real World Bootstrap World -
F— l{ = F— 1{* L 2
5 = t(x) F=tx) i ' | i
v ' \; A : 3
se = [Varp8]Y/? §e = [Varp8*]1/2 R
8
o Inference “Plug in” F for F % 7]
e Parametric Bootstrap Take “F” to be MLE 7
among bivariate normal F'. ]
1
e Works for “complicated” statistics t(-) .

8



Cholesterol Decrease

First 25 Nonpararmétric Bootstrap Replications of
the Smoothing Spline

!

Bias Estimation

o Boot estimate |Bp = 36" -8

€

function of Compliance %: B=100 Bootstrap Reps

Errors for Spline fit, as a /D i

L R L ]

Boot mean va Compliance {solid curve) Compared with
original curve (points)

Z8

The Standard Intervals

~

x—0, 7§
7

. Obsérvc_a a
MLE Estimated Sterr

(For corr 7 = (1 — 8%)/v/n=3)

‘o Standard 90% Interval

e symmetric about ]

6 ~ N(6, 52)

ARG

Normal Unbiased ~constant sterr

e Assumes

05+ ¢//n

e Accuracy
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Bootstrap Intervals
(Efron ’87 JASA)

o Percentile Method 6 € [§*(:95) g+(:99)],
5th and 95th percentiles of bootstrap histogram.

e BCA Instead use modified percentiles

(.. zq+1.645
(I’(z,ro + 1-{20&1.645)

bias correction acceleration
(Need B > 1000 bootreps)
Trdnsformation Invariant

Second Order Accurate 05+ c/n

/5
Bootstrap-T Intervals
| e Define “generalized student’s ¢”
T =(§-6)/7
e 90% interval
6 €.[6—3T%),8 -_aT<-°5>]
e Bootstrap estimate of T' percentiles:
v o (57 - T = Bt

e Bootstrap-T" Interval

['0?_ GT*(:99), g — '&T*('OS)]

300

50 100 150

o

200 250

(J
s

Bootstrap BCA (Solid) and Standard (Dashed)
90% Confidence intervals for the CD4 correlation

150
l

8

(&

Bootstrap-T distribution for cd4 correlation data
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ABC Method

¢ Approximates BCA endpoints analytically

using numerical second derivatives of ¢(x)

Compare BCA (solid), ABC (dashed), and Boot-T 90% Limits

¢ Requires only 2n + 4 recomputations of ugn

o Works for smooth statistics 8 = t(x)

o Standard: (9,5) e ABC:(,7,%,8,0)

¢ Need to write 6* in “resampling form”,

i.e. as function of bootstrap weights

/1 | ' Ko

Discrete Situations ' . Objective Bayes Inference

; K
e Sample Space X ={1,2,3,...,K} o Prior  g(p) Hp?—1 with @ — 0.

k=1

e True Distribution p= (Pl,Pz,-- -, PK)

e Posterior |p|p ~ (P, i/(""‘ 1))

e Random Sample real

: ~ boot ~,
~ o~ - e Bootstrap p = p = P
(xl,xz,---,xn)"’P=(_P1,P2:4--,PK),

and |p*|p ~ (B, T/n)

DPr = #{z:i =k}/n

or 8 = t(p) : 9|p ~ 6*|p.
e Multinomial [ﬁ[p ~(p; L /"ﬂ e For (p): 6lp Ip

A

mean cov

where

T = pi(1 - pi) and Tij = —pip;
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The Malaria Data
(Efron, Halloran, & Holmes, PNAS ’96)

TTGAGAAA A T T C T T A G AT A

2 Pme (Lizard) TCTAAAAGA T T AT A TAGATA

3 Pma (Husan)} PTTAAGGAA A T T C T TAAATT
. 4 Pfa (Ruman) TTTGAGAAAATTCTT.AGATA
: 5 Pbe (Rodent) TTTAAGAAA A TTTATANAALTA

6 Plo (Bizrd) TTTAAGAAA A C T C A CAAATC

7P£r(m)CTTAAGAAGATTCTTAGGAA

a?h(m)CTTAAGAAAGTTCTTAGATA

QM(W)CTCATGAAAATTCTTAGATA

10 Pv (Buman) CTTATGAAA A T T C T C G G ATA

11 Pga(Bird) TTTAAGAAAATTTTCAAATC

e x =11 x 221 Data Matrix

e Rows are 11 species of malaria parasite.

¢ Columns are alligned sites on DNA.

¢ Evolution?

a3

How Accurate Is The Tree?
(Felsenstein, 1985)
o Original data matrix z is 11 x 221

e x — tree where “—” is the tree-building algo-

rithn et

o Bootstrap data matrix z*: choose 221 columns

of &, randomly and jvith replacement
o 5 tree”
. of 260 boot trees, 193 had “6-10"
e “Confidence value”. 193/ 200 = 96.5%

« BC,: 93.8%

22
Phylogenetic Tree
[
. o« Pme2 77.5%
Naard | 1 9%
Pbes5 134%
l__'ZO%
95% Ppma3| 99%

100% Plo6é Pgall

s

Prel Pfad

Ny Hmen

Pcy9 Poild

1)
' thl/ ”3AM

24

Multinomial Representation

e Columns: Independent Multinomials, K = 4!

e K-simplex partitioned into various tree regions
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The Problems of Regions

THE PROBLEM OF REGIONS

(Efron and Tibshirani, '98 Annals)
. o Observe P, with expectation p
e Sample space partitioned into regions
ePERY
. Hoﬁr confident that p e Ro?

e “BCA” modification of Felsenstein bootstrap

A%

Uninformative Priors and Nuisance Parameters

(Efron, 93 Biometrika)
e Simple Case- L(0|x) = cfo(x)

o Nuisance Parameters L(8|x) = ¢ )7 (8, vlz)dv i :
( | ) f f 9:"( ) 0( ) l ) Implied likelihood from ABC conf ints for CD4 correlation
(solid); and usual approximate likelihood (dashed)

where 7o(6, v) is “uninformative prior”. e

e Welch-Peers m <> A posteriori Conf.
Intervals. | 3 o

Boot Conf. Ints. = “Implied Likelihood”
(Fiducial) |

04 0.5 0.6 0.7 0.8 0.8
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